Microscale slender swimmers are frequently encountered in nature and are now used in microrobotic applications. The swimming mechanism examined in this paper is based on small transverse axisymmetric traveling wave deformations of a cylindrical long shell. The thin-shelled device is assumed to be inextensible at the middle surface and extensible at the surface wetted by the fluid. Assuming low-Reynolds-number hydrodynamics, an analytical solution is derived for waves of small amplitudes compared with the cylinder diameter. We show that swimming velocity increases with β 1 (the ratio of cylinder radius to wavelength) and that swimming velocity is linearly dependent on wave propagation velocity, increasing to leading order with the square of the ratio of wave amplitude to wavelength β 2 and decreasing with the wall thickness. A fourth-order correction in β 2 was also calculated and was found to have a negative effect on the swimming velocity. The results for a shell of negligible-wall thickness were compared with Taylor's solution for an inextensible two-dimensional flat membrane undergoing a waving motion and Felderhof's results [Phys. Fluids 22, 113604 (2010)] for an unbounded flow field and negligible-wall thickness. We show that Taylor's analytic solution is a particular limiting case of the present solution, assuming zero wall thickness and infinite values of β 1 . The present mechanism was also compared with Taylor's well known solutions of waving planar and helical circular tails. We show that the present approach yields higher velocities as β 1 increases, whereas, the opposite occurs for waving tails. Indeed, in the region where β 1 > 15, the present approach yields velocities nearly as fast as Taylor's helical waving tail while consuming less power and with a design that is considerably more compact. In this regime, the axisymmetric swimmer is twice as fast as Taylor's planar-tail swimmer for an additional investment of only one-third of the power. Experiments were conducted using a macroscale autonomous model immersed in highly viscous silicone fluid. We outlined how the proposed mechanism was realized to propel an elongated, yet finite, swimmer. Measured data demonstrate the effects of wave velocity and wavelength on swimming speed, showing good agreement with analytical results.
I. INTRODUCTION
Over the past ten years, microrobotic swimmers have been investigated extensively, and their possible application in minimally invasive surgery and controlled drug delivery has been examined [1] . Microscale swimmers normally induce flow disturbances governed by Stokes equations. In this creeping flow regime, inertia is insignificant, and the swimmers must rely on the viscosity of the surrounding fluid to propel themselves. The governing Stokes equations are linear and apparently simple [2] , yet conceal rather interesting phenomena regarding deforming bodies [3] . In order to propel itself, a low-Reynolds-number (Re) swimmer must perform swimming strokes that may be periodic but must be nonreversible in time [4, 5] . A common inertia-based high-Reynolds swimming mechanism, for instance, a flapping rigid oar, would result in back-and-forth oscillations with no net displacement per cycle if employed by a low-Reynolds-number swimmer [4] . Microorganisms propelled by traveling waves have been frequently observed [6] . Moreover, in certain environments, microorganisms that rely on surface wave deformations are reported to be faster than swimmers using waving tails [7] .
The physics of swimming at a low-Reynolds number was outlined in Purcell's paper [5] introducing the "scallop theorem" and the "three link swimmer" that was also discussed in Ref. [8] in which the traveling wavelike cycle was analyzed. A more recent and comprehensive review of the hydrodynamics of microorganisms is given in Ref. [7] , which surveys past research followed by new findings, including a physical interpretation of Taylor's swimming two-dimensional (2D) sheet [9] . Cylindrical and spherical 2D configurations that undergo transverse infinitesimal surface deformations were investigated in Refs. [10, 11] in which it was stated that "the optimal. . .swimming stroke is a traveling wavelike motion."
A spherical envelope undergoing traveling wavelike deformations was adopted to model the swimming of ciliates (microorganisms employing waves in peripheral hairlike projections, cilia, to swim) [12, 13] . A later paper showed that an infinitely long cylinder can be propelled radially by inducing traveling surface waves [14] . Taylor studied the swimming of flagellates (microorganisms utilizing flagella) by introducing the famous 2D model of a swimming sheet using transverse waves of small amplitude [9] . Taylor's analysis showed that the first-order approximation of the wave amplitude does not predict the leading order of the propulsion velocity. Hence, the wave's amplitude should not be too small to obtain a meaningful propulsion velocity. Taylor's work was further extended to show that the perturbation series can formally be of an arbitrary order, thus, accurately describing waves with larger amplitudes [15] . Taylor also presented an extensive analysis of waving cylindrical tails [16] and a hydrodynamic analysis of transversely waving planar and helical cylindrical tails moving in Stokes flow. His analytical perturbation analysis was followed by a simple working experiment utilizing laterally displaced spiral waves. This experiment and other unique experiments on creeping flow are also available on video [17] . A more general framework for deforming swimmers was formulated by employing the reciprocal theorem and was demonstrated by calculating the speed, power, and efficiency of a tangentially beating sphere [18] . A similar geometrical configuration was also employed to explain the motility of swimming cyanobacteria [19] and more recently to develop the optimal stroke for ciliary propulsion [20] . Waving tails of noncircular cross sections have also been investigated, thus, extending Taylor's work [21] . Another classical approach for the analysis of slender waving tails was based on the anisotropic resistive force theory [22] , later developed in Ref. [4] , and by Lighthill in Ref. [23] . Lighthill's approach for slender body hydrodynamics was extended to allow hydrodynamic interactions among neighboring flagella, which led the way to modeling ciliary propulsion [24] . Calculation of the velocity and efficiency of various swimming mechanisms provided the swimmer is immersed in a flow bounded by cylindrical walls was recently introduced in Ref. [25] .
Alongside extensive theoretical studies, experimental results in the field have begun to emerge. Micro-and macroswimmer models have been studied experimentally, with similarity laws applied to macromodels. A swimmer, whose size is several millimeters and is powered by two rotating helical tails, was introduced in Ref. [26] . A single helix swimmer design was used to study the thrust of a bacterium's flagellum [27] . An elastic waving flagellum powered by three segments of piezoelectric layered beams was investigated in Ref. [28] , whereas, a macroscopic passive oscillating elastic flagellum was studied in Ref. [29] . Among other reported experiments are the three-link swimmer based on Purcell's paper [5] , which was realized and was further studied in Ref. [30] . The stability of a macroscale swimmer, propelled by two rotating cylinders near walls, was investigated in Ref. [31] . A novel artificial microswimmer composed of a chain of magnetic particles linked by DNA and attached to a red blood cell was presented [32] and later was investigated numerically [33] . Magnetic actuation was also used to drive and to maneuver a several micrometer-sized helical swimmer [34] . A comprehensive review of microswimmers, applications, propulsion mechanisms, and power can also be found in Ref. [1] . To the best of the author's knowledge, an experimental model employing small amplitude surface traveling waves has not yet been proposed.
This paper seeks to demonstrate, both analytically and experimentally, that small transverse traveling waves along a cylindrical body can indeed induce the force required for axial swimming and, thus, can be utilized to propel micrometersized elongated swimmers while taking into consideration middle-surface inextensibility and shell thickness, which is required to design real-life microswimming robots based on this proposed swimming mechanism. The effect of the governing parameters is also investigated, and the swimmer's performance is compared with other known swimming mechanisms. The swimming mechanism analyzed here is illustrated in Fig. 1 , which shows transverse surface waves traveling along a slender particle.
The paper is divided into the following sections: problem statement describing the geometrical configuration of the swimmer, the governing equations and boundary conditions; analytical analysis, including perturbation of the flow field up to the fourth order in the normalized wave amplitude to obtain the swimming velocity; effect of the swimmer's wall thickness on its velocity; discussion of the results and their application to swimming robots; experimental demonstrations; and conclusions.
II. STATEMENT OF THE PROBLEM
An infinitely long circular cylinder of radiusâ is freely suspended in an otherwise quiescent unbounded fluid of densityρ and viscosityμ. Its shell enclosure has a thin wall of thicknessĥ, and its midsurface experiences axisymmetric transverse traveling bending waves with amplitudeb and wavelengthλ (wave numberκ = 2π/λ), propagating with velocityÛ along theẑ direction (see Fig. 2 ). While the shell undergoes bending deformations, the outer surface of the shell that is in direct contact with the surrounding fluid is allowed to extend. Notwithstanding, the shell's midsurface is assumed inextensible along its tangent on the r − z plane. The traveling wave induces a flow field, which exerts a drag force on the cylinder. As a result, the freely suspended cylinder is propelled with a terminal velocityV along its axis. The present paper seeks to determine the dependence of the cylinder's swimming velocityV upon the geometrical and phenomenological parameters of the problem, provided that the flow Reynolds number Re =ρbÛ/μ and the geometrical dimensionless parametersĥ/â andb/λ are much smaller than unity.
A. Governing equations
The creeping flow field external to the cylinder is governed by the quasisteady Stokes equation and the continuity equation [2] . Utilizing cylindrical coordinates (r,φ,z) and assuming axis symmetry, the momentum equations are 
Here,v =v(r,ẑ,t) is the fluid velocity field measured by an observer at rest, andp =p(r,ẑ,t) is the pressure field, wherev r andv z are the radial and axial velocity components, respectively. We now utilize the wave velocityÛ and the wave number κ to scale the dimensional velocities and length parameters, respectively, as follows (henceforth, dimensionless parameters are denoted without a caret):
The general solution that vanishes at infinity of (1) and (2), given in cylindrical coordinates, is
where
Here, we use the abbreviations X(ns) = A n cos ns + B n sin ns and Y (ns) = A n sin ns − B n cos ns, the terms K 0 and K 1 are the modified Bessel functions of the second kind of order zero and one, respectively, and C 1n , C 2n , A n , B n are constants to be determined for all n = 1,2,3, . . .. Note that the dimensionless variable s defined above includes the timet, which does not appear explicitly in the differential equations and can, thus, be treated as a parameter. Nonetheless, it was introduced in this particular setting to satisfy the following boundary conditions.
B. Boundary conditions for a thin shell cylinder
The radial axisymmetric envelope of the deformed middle surface of the shell (Fig. 2) is assumed sinusoidal,
Thus, the dimensionless deformation of the middle surface is given by r 0 (z,t) =κ(â +b sin s) = β 1 + β 2 sin s.
As indicated by Taylor [9] , Eq. (7) provides no information on the tangential velocity component along the wave. To fully determine the velocity, an additional assumption is necessary. Assuming only a radial velocity component suggests that the surface is inherently extensible. A more physical assumption, also made by Taylor, is of an inextensible middle surface (in the r − z plane). Assuming β 2 1, the velocity of a material point along the middle surface, as seen by an observer at rest for a swimming cylinder with velocity V in the z direction, is given [up to O(β (cos s + cos 3s).
[Equation (8) includes a small probable typographical correction in the sign of the term b 3 cos 3z/8 as given in Ref. [9] in Eq. (26) there.] Material particles residing on the profile (7) with velocity (8) are kept at constant arc-length distances from one another [up to O(β 4 2 )] along the propagating wave. The kinematics of the wetted surface can be deduced from the velocity of a material point lying on the middle surface by referring to the Love-Kirchhoff hypothesis for a thin cylindrical shell. This hypothesis mainly suggests neglecting transverse shear so that the normal to the middle surface remains normal and is assumed to be inextensible [35] . The hypothesis is applicable for shells where the ratioĥ/â and the inertial terms are negligible [36, 37] . Based on the assumptions above, the velocity of a material particle on the wetted surface [point B in Fig. 1(b) ] relates to the velocity of a material point on the middle surface [point A in Fig. 1(b) ] by
where e r and e z are unit vectors in the r and z directions and
These relations are valid only for an extensible wetted surface. After (7) is substituted into (10) , and next, the outcome with (8) into (9) 
as noted in Fig. 1(b) . For the convenience of the subsequent analysis, the velocity at material point B [ Fig. 1(b) ] is desired. Since the leading-order effect of the thickness is to be determined, it is further assumed that h < β 2 (which is indeed the case in the experiment presented in Sec. V). Thus, terms of the order hβ 2 2 and higher are neglected, hence, r is negligible compared to r 0 . Moreover, it can be shown from (11) and (12) that the variation in the velocity along the wetted surface due to z is on the order of O(hβ 2 ) for v r and v z , respectively. As demonstrated later, the leading order of the swimming velocity is determined by the first-order solution and by the second-order boundary conditions on v z (see also Refs. [9, 21, 25] ). For this reason and from the analysis above, it follows that, for the present purposes, it is assumed that v B v B . The velocity boundary conditions on the wetted surface (point B ), which lead to the leading-order effect of the thickness, are then 
where terms up to O(β 4 2 ) are retained for further analysis (assuming h < β 2 2 ) and
is the dimensionless outer radius of the cylinder (Fig. 1) . A uniform perturbation technique is employed to derive the boundary conditions on a cylinder of uniform radius. Since the wall deformation is assumed to be small, the boundary conditions can be expanded into a Taylor series around r = β 1 + h/2 = β * 1 . Utilizing a regular Taylor series expansion, the velocity field at r 1 (z,t) yields
r=β * 1 (β 2 sin s)
III. ANALYTICAL SOLUTION
It is useful to expand the velocity field v and the swimming velocity V as a regular power series in β 2 ,
where v (i) and V (i) are the unknown i th-order approximations. By examining (16) , (17) , and (13), it is obvious that, when the wave amplitude is zero, i.e., β 2 = 0, the velocity field must vanish, no drag force is exerted on the cylinder, and the swimming speed must be zero. Therefore,
It, thus, follows, from Eqs. (5) and (18), that for all n:
Substituting (16) and (17) into (15), the boundary conditions expanded in powers of β 2 are obtained. Since β 2 is arbitrary, every expression preceded by a different power of β 2 must be equated separately. Neglecting terms of order higher than β 4 2 yields the following cascade of boundary conditions over the cylindrical surface of dimensionless radius r = β *
− sin s ∂v
r=β * 1 and
Note that the boundary conditions for velocity field v (n) depend on all previous velocity fields v (i) ,i = 0,1,2, . . . ,n − 1. Thus, to obtain a solution for a high-order flow field, one must solve all lower-order flow fields first.
A. First-order solution
The result of substituting (5) into (20) and (21) and solving for the first order is that only terms with n = 1 are required in the equality,
Moreover, since (22) must be satisfied for all s and the solution at infinity must vanish, we obtain
It follows that the first-order solution does not contribute to the swimming velocity, a result also obtained in Refs. [16, 21] . Solving (22) for the coefficients yields (24) into (5) yields the first-order solution for the velocity and pressure fields, given A 1 = 1 and B 1 = 0.
B. Second-order solution
After substituting (5) and (24) into (20) and (21) and solving for the second order by using some basic Bessel functions and trigonometric identities [38] , it appears that only terms with n = 2 are required, thus,
The general harmonic solution (5) does not contain nonharmonic constant terms because the velocity at infinity must vanish. However, two constant terms appear in the above boundary condition imposed on v (2) z so that their total must vanish, determining, in essence, the value of the swimming speed up to the second order,
.
The constants C
12 and C (2) 22 are obtained by solving (25) by means of balancing harmonic terms (omitted here). The second-order solution of the pressure and velocity fields is outlined in Appendix A.
C. Contribution of the third-and fourth-order terms
In the following analysis, the higher-order terms are computed assuming negligible-wall thickness. After substituting the general solution (5) and the second-order solution into the boundary conditions (20) and (21) for h = 0, only coefficients with subscripts n = 1 and n = 3 are required to satisfy the boundary conditions of the third-order velocity field (omitted here). The third-order solution of the pressure and velocity fields is outlined in Appendix B. It follows that V (3) is the only constant term in v (3) z yielding, as discussed before,
This result agrees well with the understanding that a sign change in the amplitude β 2 (i.e., delaying the excitation by 180
• ) cannot change the swimming direction. The explicit velocity and pressure fields of the fourth order are rather cumbersome and are not attempted. Indeed, they are not required. All that is needed is to obtain the constant (nonharmonic) term, which appears on the right-hand side of the boundary condition for v (4) z in (21), which determines the fourth-order correction for the swimming velocity. Substituting the expressions for v (1) , v (2) , and v (3) into (20) and (21) yields the explicit boundary conditions for the fourth-order solution. Thus, after some algebraic operations, the explicit expression for V (4) (h = 0) is obtained (see Appendix C). It should be noted that the fourth-order term has the opposite sign to that of the second leading-order term, thus, slightly reducing the swimming velocity.
IV. RESULTS AND DISCUSSION
The foregoing general analytical expressions for the velocity fields and the swimming velocity are depicted in the following figures and are compared with previous known particular solutions. Figure 3 shows the effect of the dimensionless shell thickness h and radius β 1 upon the leading order of the swimming velocity Eq. (26) .
A. Effect of shell thickness h on the swimming velocity
From Fig. 3 , it is evident that the leading-order effect of the wall thickness has a negative influence on the swimming velocity. Figure 3 also shows that, in the limiting case of (26) The particular and simpler case of a cylinder of negligiblewall thickness yields more compact expressions, which make further analysis more tractable and facilitate a straightforward comparison with other swimming mechanisms that assume negligible-wall thickness.
The swimming velocity of a cylinder of negligible-wall thickness, approximated by the second-and fourth-order terms, is given by
where, from (26) ,
and V (4) (h = 0) is given in Appendix C. The second-order approximation was compared with that presented in Ref. [25] where an extensible surface was discussed (see Fig. 1 there, no analytical expression was provided). For the unbounded case, an excellent agreement was obtained. Indeed, as can be noted from (13), assuming negligible-wall thickness, the inextensibility of the surface is expressed in terms of O(β 2 ) in the boundary conditions for v z and v r , respectively. Indeed, these terms do not contribute to the constant term that leads to V (2) . However, they do participate in the fourth-order correction to the swimming velocity, i.e., V (4) . As can be seen in Fig. 4 , the fourth-order correction to the swimming velocity of a swimmer of extensible surface is smaller in magnitude compared with the inextensible surface. In the latter case, the solution was derived based on the firstorder terms of the boundary conditions in Eq. (13) for h = 0. However, since the sign of the fourth order is opposite that of the leading second order, the swimmer of inextensible surface is slightly slower. The effect of the fourth-order terms on the total swimming velocity in the inextensible middle-surface case is illustrated in Fig. 5 for several values of β 2 . Indeed, it can be noted that the fourth-order effect reduces the swimming velocity, although its effect obviously diminishes as β 2 =κb decreases. vortices of opposite signs in the spirit of Ref. [7] . Here, the velocity and vorticity fields are plotted along the deformed body, offering some better understanding. It can be noted that the more dominant toroidal vortices, both in magnitude and in spatial distribution, are the negative ones [rotating counterclockwise, darker color in Fig. 6(b) ] that induce net flow field in the direction of the wave propagation, i.e., the positive s axis, in turn, yielding stresses in the opposite direction and resulting in thrust in the direction of the negative s axis (direction of propagation).
C. Physical interpretation of the propulsion mechanism

D. Comparison with Taylor's solution for β 1 → ∞
It can be shown that, for leading order, the swimming velocity for large values of β 1 (dimensionless radius) is given by the limit of (26) for h = 0 as β 1 approaches infinity,
This limit coincides exactly with the second-(leading-) order approximation for the swimming velocity of a 2D infinitesimally thin sheet obtained by Taylor [9] (limit also shown in Fig. 3) .
Similarly, the limit of the fourth-order correction to the swimming velocity (Appendix C) as β 1 approaches infinity yields
The foregoing value of 19/32 was also obtained by Taylor [9] for the fourth-order approximation of an inextensible swimming 2D sheet of negligible-wall thickness (also shown in Fig. 4) .
These results validate, to some extent, our calculations that required numerous algebraic manipulations.
E. Comparison of the waving axisymmetric cylinder with Taylor's undulating tails
It is interesting to compare three different propulsion mechanisms: The one discussed in this paper of a circular cylinder experiencing transverse axisymmetric propagating waves, a planar undulating tail, and a helical waving tail. The last two mechanisms are suggested by Taylor [16] in which the entire tail undulates while cross sections along the tail remain unaltered. For the sake of simplicity, the comparison in this section assumes a swimmer of negligible-wall thickness, i.e., h = 0. According to Taylor, the leading second-order swimming velocity for a planar wave traveling in the positive z axis can be written as
where where β 1 is the normalized tail radius, i.e., β 1 =κâ as in the current paper. (In Ref. [16] , Taylor did not include higherorder corrections.) Taylor also showed that, for the same wave properties, the swimming velocity of a helical undulating tail V H is twice that of the planar tail, i.e.,
Assuming equal cross sections, wave amplitudes, wave propagating velocities, and wave numbers, the leading secondorder terms given in (29) , (32) , and (34) describe the dimensionless swimming velocities up to a similar order of accuracy. These three mechanisms are compared in Fig. 7 . For increasing values of β 1 , the swimming velocity generated by the undulating planar and helical tails declines, whereas, the current mechanism shows enhanced performance. For small values of β 1 (β 1 < 0.822), the axisymmetric swimmer is the slowest. For β 1 > 0.822, the undulating planar tail decreases rapidly and converges to a value of 1/4, whereas, the current mechanism induces an enhanced nondimensional swimming velocity of 1/2, twice that value. It is interesting to note that the waving tail of Taylor [16] converges to the limit case of a waving 2D sheet of Taylor [9] , which yields the highest swimming velocity when β 1 → 0, i.e., larger wavelength and smaller radius. The axisymmetric waving cylinder presented here converges to the same limit when β 1 → ∞ (β 1 > 15), i.e., smaller wavelength and larger radius. The latter seems to be a more convenient combination in designing microrobotic swimmers, and indeed, it was adopted for the propulsion mechanism presented here.
The undulating helical tail, as expected, is twice as fast as the planar undulating case since it is a linear combination of a tail moving in two orthogonal planes phased 90
• apart. Thus, one can summarize that a spiraling helical tail is the fastest swimming mechanism over the entire range of β 1 at the cost of an extra appendage connected to the swimmer and with the entire body counter-rotating continuously. However, in the region where β 1 > 15, the present approach becomes nearly as fast as the helical waving tail with a more appealing design for robotic missions. , axisymmetric cylinder P ;
, planar tailP P ; , helical tailP H ; , Taylor's normalized power per unit area of an inextensible 2D sheet.
F. Power of a swimmer of negligible shell thickness
The instantaneous power required to move a surface segmentŜ of the swimmer is [4] as follows:
whereσ is the stress tensor and n is a unit vector perpendicular to the surfaceŜ.
To obtain the leading-order term of the instantaneous powerP , it suffices to utilize the first-order approximation [v (1) (r,z), p (1) (r,z)] for the velocity and pressure fields and to assume that n = e r in (35), namely, the velocity field generated by a moving undeformed cylinder. Here too, for the sake of simplicity, the swimmer is assumed to be of negligible-wall thickness, i.e., h = 0. Introduction of the foregoing velocity and pressure fields into (35) yields the following power per unit surface area:
Time averaging of (36) over one period yields the mean power per unit area¯P required to propel the swimmer,P
Interestingly enough, it can be noted from (37) that the mean power per unit area is uniform along the entire waving surface. The expression of the dimensionless mean power per unit areaP =¯P /κμβ 2 2Û 2 with β 1 is plotted in Fig. 8 for the three swimming configurations.
The figure illustrates that, for rather moderate values of β 1 , P reaches an asymptotic value of unity, which agrees with the expression given in Ref. [9] for the mean power per unit area of a swimming 2D sheet when substitutingκμβ 2 2Û 2 =κμb 2ω2 (ω is the angular frequency of the waves). It also fits nicely with the results in Ref. [25] for the dimensionless dissipation D in an unbounded domain after adjusting the normalization units (the results are compared to Fig. 2 in Ref. [25] since no mathematical expression is provided). It is also of interest to compare the leading order of the normalized mean power per unit area to that of a waving planar tailP P [16] and helical spiraling tailP H (the latter can be computed from Refs. [16, 25] ). It appears that, for the same geometrical and wave parameters, the leading order of the power invested by the helical tail is twice that of a tail waving in the plane. It can be seen from Fig. 8 that, for β 1 > 1 , the helical tail consumes more power, followed by the axisymmetric cylinder, and then by the waving planar tail. Comparing the results in Fig. 8 with those in Fig. 7 suggests that, for larger values of β 1 , the axisymmetric configuration may be superior in terms of hydrodynamical efficiency or effectiveness, as discussed next.
G. Effectiveness and efficiency
The inefficiency of a Stokesian swimmer δ along a path γ in the configuration space can be defined as [39] 
whereP λ is the power required to move a single wavelength of the shell that can be obtained from (37) by spatial integration. Taking the inverse of (38) while replacingP λ withP λ /λ (to yield mean power per unit length), one can define a dimensionless form of effectiveness,
(Minimization of the ratio of power over squared swimming velocity is also adopted by Lighthill in Ref. [23] . Note that, in Ref. [25] , a different definition for efficiency was introduced that was not directly related to the effectiveness of the design.) Provided thatV β 2 2Û V (2) , the leading order of the swimming velocity is accounted for. Substitution of (29) and the integral of (37) into (39) yields
Following the definition in (39), the effectiveness of Taylor's planar tail ε P and the helical tail ε H can be easily computed. An optimal swimmer can then be defined as one with maximal effectiveness. The effectiveness of the axis-symmetrical swimmer compared with that of the planar and helical tails vs β 1 is plotted in Fig. 9 for β 2 = 1.
This figure shows that, for values of about β 1 > 1.21, the proposed swimmer is both more effective and faster (Fig. 7) than the planar waving tail. Moreover, for about β 1 > 3.6, the axisymmetric cylinder is the most effective swimming mechanism compared to the waving planar and helical tails and yields an asymptotic magnitude that is three times more effective than the planar tail (it takes 1/3 more power, but it is twice as fast) and is 3/2 more effective than the helical tail for large β 1 . Considering all three swimming mechanisms for the leading order, as evident from (40), larger wave amplitudes (larger values of β 2 ) yield higher effectiveness.
It can also be noted from Fig. 9 that, for the axissymmetrical swimmer, an optimal effectiveness is achieved , axisymmetric cylinder ε; , planar tail ε P ; , helical tail ε H (plotted for β 2 = 1).
for β 1 =κâ = 1.339, which leads to an optimal wavelength to radius ratio ofλ/â = 4.7.
It can be concluded that, for large values of β 1 , the surface traveling wave mechanism (axisymmetrical swimmer) is more effective than the waving tails (Fig. 9 ) and yields about the same maximal velocity (Fig. 7) . These results are consistent with observations of swimming microorganisms. Indeed, ciliates that utilize surface traveling waves (assuming envelope theory [4] ) are found to be both larger (roughly β 1 > 5) and faster than undulating flagellates (roughly β 1 < 1) [40] . This is also an important insight when choosing the optimal swimming mechanism in designing a microrobotic swimmer.
V. EXPERIMENTAL ROBOTIC SWIMMER
A prototype of an autonomous robotic swimmer was designed and was fabricated, utilizing surface approximately axisymmetric transverse traveling waves as a swimming device.
A. Experimental setup and swimmer mechanism
The artificial swimmer takes the form of an elongated circular cylinder (Fig. 10) designed to obtain neutral buoyancy and levelness once immersed in silicone fluid (polydimethylsiloxane of density 967 kg/m 3 ). The cylindrical casings are made of polypropylene. Commercial Perspex (PMMA) semispherical caps are bolted to the cylinders and are sealed by flat gaskets. The middle section, the wave generator mechanism, is composed of a machined camshaft (PMMA) and roller cam followers (aluminum with stainless-steel bearings). The waving section is encapsulated in a liquid-proof elastic cylindrical membrane (latex,ĥ 0.05 mm), which also performs as a retaining spring for the cam followers.
The camshaft is rotated by a dc motor with an Oldham coupling. The motor is powered by a set of rechargeable batteries are managed by a microcontroller (8 bit, PIC18F1330), a set of sensors, and an interfacing electronic circuit (see Fig. 10 ).
As described above, the wave generating mechanism is based on a rotating camshaft (Fig. 11 ) composed of 32 successive cams of harmonic profile set in a uniform angular phase to one another. Three roller cam followers are in contact with each cam, spaced 120
• from one another. Thus, as the cams revolve, the cam followers reciprocate radially. The cam followers are connected to circumferential arcs (arclength about one-third of the circumference) that are kept in contact with the exterior elastic membrane. As the cam followers radially translate due to camshaft rotation, the cylindrical membrane deforms periodically in a traveling wave manner. The wave geometrical properties are set by the cam profile and by the phase between the cams, and the frequency is set by the shaft angular velocity. As depicted in Fig. 12 , the experiment setup includes a round open-top tank of silicone fluid (μ = 58.6 Pa s) in which the swimmer (50-cm length andâ = 30-mm radius) is immersed. Since the silicone fluid is dielectric, wireless communication between a personal computer (PC) and the onboard microprocessor is feasible (using Bluetooth TM ). Swimmer speed is controlled by a remote PC, which also receives in real-time signals representing the swimmer orientation (triaxis accelerometer) and motor revolutions per minute (microcontroller timer and Hall-effect shaft encoder). The position of the swimmer is traced by a high-speed camera and image processing tools.
B. Experimental results
Verification of the desired waving envelope was obtained by image acquisition system (60 fps-frames per second) of the dynamical waves. After that, the envelope edge was detected and was plotted [ Fig. 13(a) ]. The temporal-spatial envelope of the waving section is depicted in Fig. 13(b) . The pattern clearly shows traveling waves of primary wavelengthλ = 20 mm.
The swimmer velocity was recorded for several wavelengthsλ = 20,30, and 40 mm in a range of wave velocities. Given a wave amplitudeb of 0.5 mm, the resulting dimensionless amplitudes are β 2 =κb 0.16,0.1,0.08, and the dimensionless radii are β 1 =κâ 9.4,6.3,4.7, respectively. These values of β 2 are relatively small to comply with the theoretical perturbation analysis, and the values of β 1 agree with the domains of favorable swimming velocity (Fig. 5) and effectiveness (Fig. 9) while meeting design The artificial swimmer is of finite size and comprises passive and active (waving) surfaces. As a first approximation, the hydrodynamic interactions between the passive and the active sections are neglected so that the problem resembles a towing problem where an active cylindrical swimmer tows a passive cylinder of length equal to the total passive length in the experimental swimmer. According to Ref. [41] , the velocity of the swimmer dragging the loadV EX equals the swimming velocity of the free swimmerV scaled with the drag (or resistance) coefficient of the free swimmerK S over the total drag of swimmer and load (K S +K L ),
Neglecting waviness and hemispherical caps, the drag coefficients can be computed based on Ref. [42] (short cylinders with length over diameter <10). Thus, the modified dragging velocity in Eq. (41) is reduced tô
where the active length is taken as 160 mm and the passive length is 340 mm. To this end, modification of the theoretical swimming velocity is achieved by scaling the theoretical value by 0.42. From Fig. 14 , it is qualitatively evident that swimming speed increases with wave velocity and decreases with wavelength as predicted by the leading order of the dimensional swimming speed,V
For lower wave velocities, the experimental results match, to some extent, the modified analytical prediction. A fast video clip showing the artificial swimmer positioned close to the surface of the tank and swimming withλ = 20 mm is available as Supplemental Material in Ref. [43] .
The deviations from the theoretical model may be related to the approximate modification to finite size swimmer with passive stationary body sections, distorted experimental wave profile due to imperfect axisymmetry and wave discretization (discrete cams), nonideal boundary conditions (bottom and circumferential walls and upper free surface), and finite nonzero values of Re, and more dominantly, Wo 2 . The framework of the theoretical analysis is the Stokes equations in which Re < 1 and Re · St = Wo 2 < 1 eliminate the convective and local acceleration terms, respectively. The Womersley number Wo is a dimensionless number used in biofluid dynamics to relate flow pulsations or oscillations to viscous effects Wo 2 =λ 2fρ /μ =λÛρ/μ, wheref is the wave frequency. Thus, the deviation from theory is expected to increase with the increase in the Re and Wo 2 numbers.
VI. CONCLUSIONS
Microrobots possess a physical shell, whose thickness affects the swimming velocity, thus, may not be ignored, and its middle-surface extensibility or inextensibility must be accounted for. The present analysis addressed the case of a long thin-shelled cylinder swimming in a Newtonian fluid. The mechanism propelling the cylinder is based on transverse cylinder's shell quasiaxisymmetric deformation waves propagating axially. The flow was assumed to satisfy the Stokes equations, namely, neglecting all inertial effects. This latter assumption can be examined a posteriori. The foregoing analysis indicates that the induced velocity scales withbÛκ, spatial velocity variations scale withλ, and time variations scale withλ/Û . Thus, neglecting the convective and local acceleration terms in the Navier-Stokes equations is allowed if the Reynolds number Re =ρbÛ/μ and the square of the Womersley number Wo 2 =ρλÛ/μ are smaller than unity. Since 2πb/λ =β 2 1, the stricter requirement here is Wo 2 1. The analysis accounted for thin wall shells of thickness h, leading to a boundary condition in which the outer surface of the shell is extensible. It was shown that the swimming velocity is enhanced for larger values of β 1 , the ratio between the cylinder radius and the wavelength. An increased swimming velocity can be obtained by decreasing the wavelengths for a given cylinder radius. The swimming velocity is linearly dependent on the wave propagating velocity and, for leading order, on the square of the wave number times the square of wave amplitude. For wall thicknesses much smaller than the cylinder diameter and smaller than the amplitude, an approximate linear decrease in swimming velocity with the thickness is found. These results are consistent with Refs. [19, 20] as wall thickness is associated with propagating deformations tangential to the wetted surface. These tangential waves induce forces in the direction of wave propagation, opposing the actual swimming velocity. Moreover, these results have proved useful for the authors in designing and sizing the artificial swimmer shown in Fig. 10 . An approximate fourth-order correction to the swimming velocity of a swimmer of negligible-wall thickness was obtained for waves of small amplitudes relative to the cylinder radius, proving to have a small, albeit negative, effect on swimming velocity.
The results were compared with three of Taylor's solutions: (a) an inextensible 2D flat membrane undergoing a waving motion [9] , (b) a waving 3D planar tail [16] , and (c) a waving helical tail [16] . It was shown that Taylor's solution (a) is contained as a particular case of the present solution, setting the diameter of the cylinder to increase to infinity and its wall thickness to zero. The results were also compared with the results in Ref. [25] for unbounded flow domain by setting h to zero. Excellent agreement was obtained, although only graphical results could be compared since no analytical expressions were provided.
Taylor's solution (b) for a planar waving tail shows different behavior as a function of the cylinder diameter. Taylor's solution predicts a decreasing swimming velocity as β 1 increases, whereas, the opposite is true in the present case.
For high values of β 1 , the present mechanism yields twice the swimming velocity of that generated by a planar waving tail, whereas, for small β 1 values, the planar waving tail mechanism is faster. Notwithstanding, a 3D helical waving tail (c) yields the highest swimming velocity and seems to be the fastest mechanism for propagating a slender tail (as observed, for example, in swimming spermatozoa). However, in the region where β 1 > 15, the present approach becomes nearly as fast as the helical waving tail with better energetic effectiveness and a considerably more compact design.
The effectiveness, i.e., dimensionless ratio of squared swimming velocity to invested power of the traveling axisymmetric wave propulsion mechanism was investigated vis-à-vis the propulsion mechanisms described in Ref. [16] . It was shown that the traveling axisymmetric wave mechanism is a more effective mechanism for large values of β 1 . Moreover, for large β 1 , employment of the current mechanism yields twice the velocity of Taylor's planar swimmer for an additional investment of only one-third of the power.
The experimental results demonstrated the feasibility of the proposed swimmer. The predicted effects of wave velocity and wavelength on the swimming speed have been observed qualitatively. The experimental results were compared to the modified theoretical analysis while accounting for "passive" nonbeating sections, agreeing quantitatively for low wave velocities.
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APPENDIX A
In this Appendix, we have
12 K 0 (2r) cos 2s,
12 rK 0 (2r) + C
22 K 1 (2r) cos 2s,
12 −K 0 (2r) + r 2 K 1 (2r)
22 K 0 (2r) sin 2s − V (2) .
